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Abstract

By means of a theorical development of lecture [4], we prove that dy-
namic processes associated to natural numbers characterize at least
one arithmetic statement with temporal singularity.

1 Hiperbolic classification of Natural Numbers

For a natural number n > 1 the fact of being a prime is equivalent to stat-
ing that the hyperbola zy = n does not contain non-trivial natural number
coordinate points that is, the only natural number coordinate points in the
hyperbola are (1,n) and (n,1). We establish a family of bijective functions
between non-negative real numbers and a half-open interval of real num-
bers. Bijectivity allows us to transport usual real number operations, sum
and product, to the interval. It also allows us to deform the xzy = k hyper-
bolas with k as a real positive number in such a way that we can distinguish
whether a natural number n is a prime or not by its behaviour in terms of
gradients of the deformed hyperbolas near the deformed of zy = n (Hyper-
bolic Classification of Natural Numbers).

In this section we define a function 1 which ranges from non-negative real
numbers to a half-open interval, strictly increasing, continuous in RT and
class 1 in each interval [m,m + 1] (m € N = {0,1,2,3,...}) . The bijectiv-
ity of ¢ allows to transport the usual sum and product of RT to the set
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R* := ¢(R") in the usual manner. That is, calling 2 = ¢(z), we define
s§pi=1(s+t), §®%=1(st). Therefore, (RT,®,®) is an algebraic struc-
ture isomorphic to the usual one (RT,+,-) and as a result, we obtain an
algebraic structure (ﬁ = ¢ (N), ®, ®) isomorphic to the usual one (N, +,-).
The function 1 also preserves the usual orderings. Thus we transport the
notation from R+ to R, that is 7 is natural iff n is natural, p is prime
iff p is prime, Z is rational iff x is rational, etc. Assume that, for example
0=0,1=0722=13,3=30001, 4=7, 5=63,7="721,..,12=
9’03, ... then, the following situation would arise: the “even number” 9’03
is the “sum” of the “prime numbers” 6’3 and 7’21 and the number 7 is the
“product” of the numbers 0'72 and .

Obviously, until now, we have only actually changed the symbolism by means
of the function 1. If we call &7 plane the set (¢(R+))2, the hyperbolas
xy = k (k > 0) of the zy plane with > 0 and y > 0 are transformed by
means of the function ¥ x ¢ at the ZT® g = k “hyperbolas” of the zg plane.
We will restrict our attention to the points in the #¢ plane that satisfy z > 0
and § > 2. Then, with these restrictions for the v function, it is possible
to choose right-hand and left-hand derivatives of ¢ at m € N* = {1,2,3, ...}
such that we can characterize the natural number coordinate points in the
Zy plane in terms of differentiability of the functions which determine the
transformed hyperbolas. As a result, we can distinguish prime numbers from
composite numbers in the aforementioned terms.

1.1 R* coding function

Definition 1.1.1. Let ¢ : R™ — R be a map and let 1, be the restriction
of ¥ to each closed interval [m.m + 1] (m € N) . We say that ¢ is an R
coding function iff: (i) ¥(0) = 0. (i) ¢ € C(RT). (iii) Vm € N, 9y, €
CY([m,m + 1]) with positive derivative in [m,m + 1].

Remarks (1) Easily proved, if ¢ is an RT coding function then it is strictly
increasing and consequently, injective. (2) If My := sup{f(z):z € R"}
then, M, € (0,4o00] (being M, = +oo iff ¥ is not bounded), and so
Y (RT) = [0,My). Therefore ¢ : RT — ¢ (RT) = [0,M,) is bijective,
and here onwards we will refer to the 1 function as a bijective function. (3)
We will frequently use the notation & = ¢(x). Due to the 1 bijection, we
transport the sum and the product from R* to [0, M) in the usual manner
([3), that is we define in [0, M,;) the operations ¢)-sum as & @ § = ¢ (x +y)
and 1-product as 2 ® § = ¥(z - y). Thus, ¥ : (RT,+,-) = ([0, My),®,®)



is an isomorphism. (4) The v function preserves the usual orderings, that
is,3<t&es<t s§=tes=t (5) Fori € [0,My) we say that & is a
W-natural number iff x is a natural number, & is Y-prime iff x is prime, & is
-rational iff x rational, etc. (6) When we work on the set [0, M¢)2, we say
that we are on the Zy plane. (7) For z > y we denote & ~ § := ¢(z — y) =
(1-subtraction) and for y # 0, & + § = ¥(z/y) (Y-quotient).

Figure 1: R™ coding function

1.2 -natural number coordinate points in the 2y plane

Let ¢ be an RT coding function and o € N*. We want to characterize
the (u,v) t-natural numbers coordinate points of the Zg plane whose co-
ordinates ¥-sum is & (u @ v = &). For this, we begin with the function
fa:10,a] = [0,0a], fo(xr) =a —x. Let us apply the function 1) x ¢ to the
graph

T (fa) = {(z,y) € R*)?:2€[0,0] Ay = fol2)}

We then obtain the transformed curve: (¢ x 1) (I'(fa)). The fo : [0,d] —
[0, &] function which determines the graph of the transformed curve is

fa(u) = (e =¥~} (u))

Of course, (u,v) € T'(fa) = (¥ x 1) (D(fa)) has t-natural number coor-
dinates iff u is a t-natural number. The following theorem will allow a
characterization of the i-natural coordinate points whose -sum is A&.

Proposition 1.2.1. Let o € N*, ¢ : Rt — [0, M) an RT coding function
and fo :[0,6] = [0,4], fa(u) = ¢(a -y~ (u)). Then,



a) fa is continuous and strictly decreasing.
b) Let m € N : [m,m@ 1] C [0,a]. Then f, is differentiable at every u
belonging to the interval (m, m @ i), with derivative

£/ u) = — (wa—m—l)/ (Oé - 1/1_1(1‘))
fal) = = Y (0T (w)

c)Vme{0,1,2,....a—1}, we verify

i)y - (Wamm-1)” (@ —m)
(e +() (). ()

d)VYme{1,2,3,...,a }, we verify

ENT O :_<¢a—m),+(a_m)
S TR ATy

—1 R
Proof. a) We have [0,a] 2— [0,a] 22 [0,a] % [0,a]. Therefore, fo = o
faotp~!is a composition of continuous functions, as a result it is continuous.
In addition:

0<s<t<a=y '(s)<yp ()
=a—9Yt(s)>a—yp (1)
=y (a—v7(s) > ¢ (a—v (1)
= fu(s) > fu(t)
= fq is strictly decreasing
b) We have

A 71 (e} A
(m@1) S (mom+ DB a—m—1,a—m)S (& ~m~1dn~m)
In other words, fa maps fa : (m,m @ i) — (d ~o~ 1~ m) For the fa
function, all the hypotheses of the Chain Rule and Inverse Function Theorem

are fulfilled, [6] thus Vu € (1, & 1):

P/ (P (u)

_ (o=~ (W)
= (Ya—m-1)"(a =¥~ (u)) (¥m) (=1 (w))



¢) Let € > 0:1m < m®e < m®1. As ) is continuous and strictly increasing,
there exists 0 < § < 1 such that ¥~ ! (i @ &) = m + 6. Then,
-1

[mm@@ﬂwmm+®km_m—&W4wﬁ@wa&@wﬂ

~

Therefore f, maps fu : [, m ®e) — (64 ~ T~ O, A~ ﬁz] Consequently
Yu € [m,m ®e€), fa(u) = (a — ! (u)) = Ya—m-1 (a — ! (u)) and:
P e , o -1
(fa)+ (m) - (wa—m—l)f (O‘ m) 1/}/ (1/}—1 (m))
(Ya—m-1)" (o —m)

(¥m)y (m)

d) We can similarly reason. Let € > 0: 7 ~ 1 < 1 ~ € (or € < 1). Then,

1 ~
(mNam@Mm—&mﬁm—mﬂ—m+®ﬂp~m@~m@®
Mmmm0<5<LTMgﬁ%mwaM—»bwm@NM®®.Ma

result, fo (u) = (=¥ (u) = Ya—m (@ — ¢! (u)). We obtain:

FY (1) = ' (a—m e S
(fo)= (M) = (Ya—m) ( ) T

(wa—m)/_;. (a - m)
(¥m-1)_ (m)

0
Let us now call a, = (Y—1)_ (k), bp = (¢x)’, (k) (k=1,2,3,...). From the

previous theorem

am Ga—m = bm bo—m (Yme{1,2,..,a—11})
The fa function is not differentiable for every m (m =1,2,...,4~ i) iff

A, Qo 7 b b (Ym e {1,2,..,a—11})



If fa is not differentiable for every 1m (m =1,2,....4~ i), this circumstance
allows us to immediately visualise the I'(f,) points with ¥-natural number
coordinates, and from this we may see something deeper (Fig. 2).

Yy
. X
I(fa)
o x

Figure 2: Identifying points with 1-natural number coordinate points

Definition 1.2.1. Let a € N* where o > 2, and ¢ : R™ — [0, M) an
R* coding function. It is said that the v function identifies 1-natural
numbers in [O,éz] iff Vu € (O,d) it is verified: u is a Y-natural number
& fa is not differentiable at u.

Corollary 1.2.1. o € N*, (a > 2) and ¢ : Rt — [0,My) an R coding

function. Then, 1 identifies V¥-natural numbers in [0,&] < am Go—m #
b ba—m (Yme{1,2,..,a—1}).

1.3 ¢-hyperbolas in the 2y plane

The aim here is to study the transformed curves of the y = k/x hyperbolas
(k € R™ —{0}) by means of an R* coding function in terms of differentia-
bility. Consider the function

i+ (0, 00) = (0, +00) . (2) = ©
Yy
b
M)
.

Figure 3: ¢-hyperbolas in the g plane



Definition 1.3.1. We call y-hyperbola any transformed curve graph of
[ (hg) by means of ¥ x 1.

Notice that the function which defines the ¥-hyperbola is:
e s (0, M) — (0, My), o () w( u )
k: 3 ) y Mg (u) = 1)
v v ¢t (u)
Proposition 1.3.1. Let ¢ : RT™ — [0, M,,) be an RT coding function. Then,
hy, - (0, My) — (0, My,) is continuous and strictly decreasing.

Proof. (0, M¢) (O +00) by (0, +00) 5 (0, My), thus hy, = ohyowtis
a composition of continuous functions, and is consequently continuous. In
addition

0<s<t<M¢:>w‘1()<w‘1(t)

o ( EE

<><>

:>hk()>hk

= hy, is strictly decreasmg
O

We will now analyse the differentiability of hy, distinguishing, for this, the
cases in which the dependent and/or independent variable takes -natural
number values or not.

Proposition 1.3.2. Where z,y € Rt — N, |z]| =n, |y] =m.

1.- If (2,9) € T'(hy,), then

2.- If (&,7m) € T(hy), then

[ ) = ;k . Om ; = ;k ’ bim
(hk)+( ) 2 (wn)’ (z) ’ 2 (d’n)/(x)

X



3.- If (,9) € T(hg), then
7 —k (wm)/ (y) , (}A"Lk)/_ (ﬁ) _ —k . (wm)/ (y)

(he) () = —5 - b 2 a
4.- If (i, m) € D(hy,), then
o =k am o . —k bp
() () = g 5 () () = g

Proof. Case 1 u € (n, ﬁ @1)(ne N) that is, u is not a 1-natural number.

nn+1) (k/(n+ 1),k/n)— ( (n@l)k )

We obtain (72,7 @ 1) —
o1) = (k= (aol)k+n).

>
s0, hj, maps hy, : (R, ®1) —
1.a) Suppose hy(u) is not a -natural number (Fig. 4). Since k/¢~" (u) is
not a natural number, in a neighbourhood of w , the expression of the Ay
function is:

() = V) ] <w—lf(t)>

Yy
v )
W x P ) i
kfo- 1 (w) e ) |
k- ) Y — ‘ |
A A |

Figure 4: Finding (hz) (u)

() () = (%-M)l (wf <u>> | w—l_fu)f T

Consequently hy, is differentiable at u.

1.b) Suppose hi(u) is a 1-natural number (Fig. 5). This is equivalent to
say that k/1~! (u) is a natural number. For a sufficiently small ¢ > 0 we
obtain



kv~ (u)

Figure 5: Finding ()" (u)

We can choose € > 0 such that n < " 1(u ~¢€) <9y~ (u) <n+1and as a
consequence for every t € (u ~ €, u] we verify k/@_l(u) < k/¢~Y(t). That is,
we can choose € > 0 such that Vt € (u~€,u], hy (t) =« (k/v7(1)).

v=1(w)
Thus:

(i) (w) = <¢<>>+ <w-f <u>> | w—ju))? n) @1 (w))

Let us now examine the value of (ﬁk)ﬁr(u) For a sufficiently small € > 0 we
obtain (Fig. 6)

[u,u® ¢) ¢;>l [Vt (u), v (u®e)) E

—_— .

(7w i) (v 00+ 70

We can choose € > 0 such that n < ¢ ~}(u) < H(ude) <n+1andas a
consequence for every t € [u,u @ ¢€) we verify k/1~1(t) < k/1~1(u). That
is, we can choose € > 0 such that Vt € [u,u @ €)

hi(t) = wﬁ(u)—l <¢_]f(t)>



k/y (u)

Figure 6: Finding (iLk)'Jr(u)
Would result:
SV ) = ) ' k -k 1
wtw= (vt ) (Fw) Gowr wreTw

Case 2 u = n (n € N*) that is, u is a ¢-natural number (u > 0). For a
sufficiently small € > 0 and (n + J) = 1 & € we obtain (Fig. 7)

3 n+0
n n+1
Figure 7: Finding (ﬁk)ﬁr(ﬁ)

[ﬁ,ﬁ@e)ﬁl[n,nw)%(nidﬂ 5 (k+ (@ d),k+ il

For every t € [, 7 @ €), we verify hy(t) = wLEJ (/v (1)) if k/n ¢ N* and
hy, (t) = Y, (k/Y~1(t)) if k/n € N*. As a consequence

10



s 0= (v3)) (3) 32 Gy OFR/m £

. r (kN —k 1
(he)'y () = (Wx _ () o —— (if k/n € N¥)
i ( " 1>— n?  (¢n)} (n)
Finally we have to study the differentiability of hy at u = A from the left
side. For a sufficiently small € > 0 and 1)(n — §) = 1 ~ €, we obtain (fig. 8)

(A ~ €, 7] ﬂl(n—a,n]%[k i )ﬂ[/;+ﬁ,1%+(ﬁ~5))

n'n—2a

Figure 8: Finding (hi)"_(7)

We can choose € > 0 such that V¢t € (2 ~ €, n] we verify

hac (8) = | (wk@)>

regardless of whether k/n is a natural number or not. This therefore would
result

(hi)”(7) = <I/’L%J>,+ (f;) ' %f ' <w11>_<n>

We have completed our examination of the differentiability of hy, when de-
pendent and /or independent variables take natural ¢)-natural number values
or not. Since (1i—1)" (i) = a; and (¢;)’, (i) = b; (i =1,2,3,...), the propo-
sition is proven. ]

11



Corollary 1.3.1. Let ¢ be an RT coding function, assume z,y € R* — N,
lz] = n, ly] = m and hy = (0, My) — (0,My), hy (u) = ¢ (k/¢~"(u)).
Then:

k)s then iLki is differentiable at I
l}k), then hy, is differentiable at & iff am = by,
hi), then hy is differentiable at n iff a, = by,

Corollary 1.3.2. If we want the hy, functions to be only differentiable at the
points where both the ordinate and the abscissa are not Y-natural numbers,
we must select 1 in such a way that (ay # bp) A (am # b)) A (anam 7 bpbm)
or equivalently

AnQm 7 bpby, (Yn € N*,¥Vm € N¥) (1.3.1)

Definition 1.3.2. We say that an R" coding function identifies primes iff
the hy, functions are only differentiable at the non-v-natural number abscissa
and ordinate points

1.4 Classification of points in the 7y plane

Let ¢ : RT — [0,My) be an RT coding function that identifies primes.
The class of sets H = {I'(hy) : k € RT — {0}} is a partition of (0, +00)? and
being v a bijective function, the class H = {T'(hy) : k € RT — {0}} of all
y-hyperbolas is a partition of (0, Mw)Q. Every subset of R? will be consid-
ered as a topological subspace of R? with the usual topology. We have the
following cases:

1- (2,9) € (0, My)? (x ¢ NAy ¢ N). Then, in a neighbourhood V of (&, )
we verify: V(3,%) € V, the 1)-hyperbola which contains (3, ) is differentiable
at §. Of course, we mean to say the function which represents the graph of
the ¥-hyperbola (Fig. 9).

Figure 9: x ¢ N,y € N
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2.- (&,m) € (0,My)* (z ¢ NAm € N*). Then, in a neighbourhood V

A

of (Z,7) we verify: V(5,t) € V, the ¢-hyperbola which contains (5,1) is
differentiable at 3 iff £ # 7 (Fig 10).

T

Figure 10: x ¢ N,m € N*

3.- (i, ) € (0, My)* (n € N*Ay ¢ N). Then, in a neighbourhood V of (7, §))
we verify: V(8,%) € V, the 1-hyperbola which contains (3, ) is differentiable
at § iff § # n (Fig. 11).

Figure 11: n e N* y ¢ N

4.- (n,m) € (O,Mw)2 (n € N* Am € N). Then, in a neighbourhood V
of (f,mm) we verify: V(§,#) € V, the t-hyperbola which contains (3,%) is
differentiable at 3 iff § # 7 and  # m (Fig. 12).

Figure 12: n € N*, m € N*

13
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Given the symmetry of the 1-hyperbolas with respect to the line & = ¢, let
&,% > 0}.

us consider the triangular region of the Zy plane Ty, = {(:%, )y >

Definition 1.4.1. Let ¢ be an R™ coding function that identifies primes
and assume that (T,9) € Ty. If (T,9) = (n,m) with n € N*, m € N* we say
that it is a vortex point with respect to ¢ (Fig. 13).

Figure 13: Vortex points

The existence of vortex points in a w-hyperbola allows us to identify -
natural numbers, only one vortex point, 1-prime numbers. (Hyperbolic
Classification of Natural Numbers)

Corollary 1.4.1. Letk € (0, M¢). According to the statements made above,
we may classify k in terms of the behaviour of 1-hyperbolas in Ty that are
near the -hyperbola & ® § = k. We obtain the following classification:

1) ks a W-natural number iff the y-hyperbola & ® § = k in Ty contains at
least a vortex point.

2) k is a v-prime number iff k # 1 and the -hyperbola & @ § = k in Ty
contains one and only one vortex point.

3) kis a W-composite number iff the y-hyperbola T ® y = k in Ty contains
at least two vortexr points.

4) k is not a W-natural number iff the ¥-hyperbola T ® § = k in Ty does not
contain vortex points.

So, vortex points are characterized in terms of differentiability of the -
hyperbolas in 7y near these points. For every k£ > 0, denote k= F(ﬁk) NTy
and let 0 be one element different from & (k > 0). Define ;R = {l_c k> 0}
and consider the operations on fR :

(@) k+5=k+s,k-5=k-s5 (k>0,5>0)

14



(b) t+0=0+t=t,t-0=0-t=0 (t>0)

Then, (R, +,-) is an isomorphic structure to the usual one (R, +,-) and
prime numbers p € N are characterized by the fact that p # 1 and p
contains one and only one vortex point. Amongst the RT coding func-
tions that identifies primes, it will be interesting to select those given by
U i [mym+1] = RY (m=0,1,2,...) functions that are affine (Fig. 14)

Figure 14: R* prime coding

m—1
Ym(r) =&z —m) + By (§n > 0Vm €N, By =0,Bp = »_ & if m > 1)
j=0
(1.4.1)
We can easily prove that the ¢ functions defined by means of the sequence
(¥m)m>o are RY coding functions. The conditions (L.3.1) for ¢ to identify

primes can now thus be expressed:

v identifies primes < (& # &it1) A (&6 # &iv18+1)

Equivalently, ¢ identifies primes & &&; # &i+1&j+1 (ViVj € N). The ful-
filment of this inequality is guaranteed by choosing &; such that 0 < & <
&i+1 (Vi € N) though this is not the only way of choosing it.

Definition 1.4.2. Any R™ coding function 1 that is defined by means of
Um affine functions that also satisfies 0 < & < &i+1 (Vi € N) it is said to be
an RT prime coding. We call the numbers &g, &1, &2, €3, ... coefficients of
the R* prime coding.

15



2 Essential regions and Goldbach Conjecture

Goldbach’s Conjecture is one of the oldest unsolved problems in number the-
ory and in all of mathematics. It states: “Every even integer greater than 2
can be written as the sum of two primes” (S). Furthermore, in his famous
speech at the mathematical society of Copenhagen in 1921 G.H. Hardy pro-
nounced that § is probably “ as difficult as any of the unsolved problems in
mathematics 7 and therefore Goldbach problem is not only one of the most
famous and difficult problems in number theory, but also in the whole of
mathematics ([9]). In this section, and using the Hyperbolic Classification
of Natural Numbers we provide a characterization of S.

In the 7 plane determined by any RT prime coding function v and for
any given t-even number & > 16 we will consider the function in which
any number k of the closed interval [4,& + 2] corresponds to the area
of the region of 9: & > 2,9 > 2,2 @4 < k (called lower area) and
also the function that associates each to the area of the region of Zy:
E>2 9> a~k<i®g<a~i (called upper area). The gy plane is
considered imbedded in the zy plane with the Lebesgue Measure ([5]). This
means that for any given -even number & > 16 we have & = k @ (& ~ l;:)
and, associated to this decomposition, two data pieces, lower and upper ar-
eas. We will study if & the -sum of the two -prime numbers ko and & ~ ko
taking into account the restrictions & ~ 3 and &=+ 3 both -composite. The
upper and lower area functions will not yet yield any characterizations to
the Goldbach Conjecture. We will need the second derivative of the total
area function (the sum of the lower and upper areas).

To this end, we define the concept of essential regions associated to a hy-
perbola which, simply put, is any region in the xy plane with the shape
[n,n + 1] x [m,m + 1] where n and m are natural numbers, m > n > 1
and the hyperbola intersects it in more than one point or else the shape
[n,n + 1]2 where n > 1 and x < y and the hyperbola intersects in more
than one point.

These essential regions are then transported to the 2y plane by means of
the 1 x ¢ function, and we will find the total area function adding the areas
determined by each hyperbola in the respective essential regions, and the
second derivative of this area function in each essential region. After this
process we obtain the formula which determines the second derivative func-
tion of the total area A7 in each sub-interval [12:0, ko® 1], ko =4,5,...,a/2—1

16



a derivative which is continuous

Ary'hy =" L W 1 e g koo 1))
gko ko &opg—1 =k

Both z, and yj, are numeric values in homogeneous polynomial of degree
two obtained from substituting in their variables the &; coefficients of the
R prime coding function . We call Py, = (zg,, yk,) an essential point. The
study of the behaviour of the second derivative in these intervals allows the
following characterization of the Goldbach Conjecture for any even number
a > 16 with the restrictions o — 3 and «/2 composite:

Claim 2.0.1. a > 16, an even number, then, « is the sum of two prime
numbers ko and o — ko (5 < ko < «/2) iff the consecutive essential points
Py,—1 and Py, are repeated, that is, if Py,—1 = Pg,-

2.1 Essential regions associated with a hyperbola
Definition 2.1.1. Consider the family of functions
H={h:[2, Vk] =R, hp(z) = k/z, k> 4}

whose graphs represent the pieces of the hyperbolas xy = k (k > 4) included
in the subset of R?, S = (x > 2) A (x < y). For n,m natural numbers
consider the subsets of R?:

a)R(mm):[n,n—i-l] [m,m+1] (2 < m)
b) Rinny = (In,n+1] x [n,n+1]) N {(z, €R2 y>a}

Let hy be an element of H. We say that R, ,,) is a square essential
region of hy iff R m) NT (hx) contains more than one point. We say that
Rn ) is a triangular essential region of hy, iff R, ) NT (ki) contains
more than one point.

For example, the essential regions of the zy = 17 hyperbola are R(3 g, R(2,7),
R(2,6)7 R(2,5), R(3,5), R(3,4) and R(4,4) (Fig. 15).

Analyse the different types of essential regions depending on the way the
hyperbola zy = k intersects with R(;, ;) (m > n). If the hyperbola passes
through point P (n,m + 1) (Fig.16), then the equation for the hyperbola is
xy =n(m+1).

17



2 3 4 5
Figure 15: Essential regions of xy = 17

The abscissa of the Q point is z = n(m + 1)/m. We verify that n < n(m +

1)/m < n+1. This is equivalent to say nm < nm+n and nm+n < mn+m

or equivalently (0 < n) A (n < m), which are trivially true. The remaining
types are reasoned in a similar way (Fig. 17).

P

Q\

Figure 16: Intersection between hyperbolas and essential regions

\ \ \ \\\
\ A\

Figure 17: Types of square essential regions
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We use the same considerations for the triangular essential regions R, )
(Fig. 18)

N X

Figure 18: Types of triangular essential regions

Let kg € N, kg > 4. We will examine which are the types of essential regions
for the hyperbolas xy = k (y > x) where kg < k < ko + 1. The passage
through essential regions of points Py, Qo of the zy = kg hyperbola with
relation to P, Q) points of the zy = k hyperbola corresponds to the following
diagrams (Fig. 19)

PP PP

P0<
» Qo

Q Qo Q QQ

Figure 19: Square essential regions (ko < k < ko + 1)

DA D

Figure 20: Triangular essential regions (ko < k < ko + 1)

As a consequence, the essential regions for the hyperbola xy = k (k > 4)
are of the following types

a) Square essential regions Rnm)
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Type 1 Type 2 Type 3 Type 4 Type 5

\

& A g L g

Figure 21: Square essential regions (k > 4)

b) Triangular essential regions Ry, )

Type 6 Type 7 Type 8

Voo

Figure 22: Triangular essential regions (k > 4)

We will find the essential regions of the zy = k hyperbolas with the condi-
tions kg € N, kg > 4, ko < k < kg+ 1. The abscissa of xy = kg varies in the
interval [2, v/ko|

2 3 4 n n+1 |Vko] [Vko| +1

Figure 23: Finding all essential regions (1)

a) For n € {2,3,..., [Vko] — 1} the R, ) essential regions of the xy = k
hyperbolas are obtained when m varies in the set (fig. 24):

{lko/(n+1)], [ko/(n+1)] +1,..., [ko/n]}
We can easily verify that if m = |ko/n] then R, ) is a square essential

region of Type 2, if m = [ko/(n + 1), R(,m) is a square essential region of
Type 5 and the remaining R, ) are of Type 3 (Fig. 21).

b) For n = |ko], the R (| /ks.m)) essential regions are obtained when m
varies in the set:

{Vkol, [Vko] +1,..., | ko/[vko| |}
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R | xo
T o AN [T 1| R
L kol === TR ). V)
R (Vo) ko] +1°

Figure 24: Finding all essential regions (2)

If m = |Vko| we obtain a triangular essential region and could eventually
exist a square essential region (Fig. 24). Consider the set of indexes {(n,i,)}
such that

(1) Forn=2,3,... ,[vko) — 1 then
in = ko/(n+1)], ko/(n+1)] +1,... , | ko/n]
(2) For n = [/ko) then
in = [Vkol, [Vko] +1,... . [ ko/[Vko] ]

Let E4(ko) be the set {(n,i,)}, where (n,i,) are pairs of type (1) or of type
(2). We obtain the following proposition:

Proposition 2.1.1. Let kg € N* (kg > 4). Then, i) All the xy = k (ko <
k < ko + 1) hyperbolas have the same essential regions, each of the same
type. i) The xy = k essential regions are the elements of the set {R(n,in) :

(n,in) € Es(ko)}

Example For ky = 18 the essential regions of the zy = k (18 < k < 19)
hyperbolas are (Fig. 25) R9), R(ze) (type 2), Rag), Rer), Bias) (type
3), R6), Ry (type 5) and Ry 4y (type 7). The essential regions of the
xy =k (19 < k < 20) hyperbolas are exactly the same, due to the fact that
19 is a prime number.
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10}------ 10}------
9f------ 9f------
N \ xzy =k ol \ zy =k
(18 < k < 19) (19 < k < 20)

7h------ TH------
6f------ | \ 6f------ |
o] o]
477777773777\ | 477777773777\ |

Yy =L 3 3 3 Y ==Z 3 3 3

2 3 4 v 2 3 4 ’

Figure 25: Essential regions (18 < k < 19 and 19 < k < 20)

2.2 Areas in essential regions associated with a hyperbola

To every R, (n < m) essential region of the zy = k (k ¢ N*,k > 4)
hyperbola, we will associate the region of the xy plane below the hyperbola
(we call it Dy, p,)(K)). Denote A, (k) the area of D, ,,,)(k). We have the
following cases (Fig. 26)

Type 2 Type 3 Type 5

Type 7 Type 8

Figure 26: Areas in essential regions
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(i) Type 2 essential region

Amm) (k) = //D o drdy with D,y (k) =n <o <k/m ,m <y <k/z
(n,m)

k

A(n,m)(k) = /m dx/w dy

L)

k
=klog— +nm —k
nm

|2

If k € [ko,ko + 1] (ko > 4 natural number), then A’(n’m)(k) = log k/(nm)

and the second derivative is A’(’n m)(k) = 1/k. Note that we have used the
closed interval [ko, kg + 1] so we may extend the definition of the essential
region for kK € N (k > 4) in a natural manner. In some cases the “essential

region” would consist of a single point (null area).

(ii) Type 3 essential region

In this case D, (k) = D'UD" where D' = [n, k/(m+1)] x [m, m+ 1] and
D'=k/(im+1) <z <k/m, m<y<k/x. Besides, DN D" =.

If ko < k < ko + 1 then, A” (k) = 0.

(n,m)

(#ii) Type 5 essential region

In this case D, ) (k) = D'UD" where D' = [n,k/(m+1)] x [m, m+ 1] and
D'=k/(im+1)<z<n+1, m<y<k/z. Besides, D'N D" = .
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In the interval [kg, ko + 1] we obtain A’(n m)(k:) =log((n+1)(m+1)/k) and

AL (R) = ~1/k.

(iv) Type 7 essential region

D(nn)(k:)zngwg\/ﬁ,xgygk/x

2 Vk
= klogav—gL
2

n

k k n?
—§logk—§—klogn+?

If ko <k <ky+1, A’(nn) (k) = (1/2)logk — logn and A;’nn) (k) =1/2k.

(v) Type 8 essential region

In this case D(,, ) (k) = D'UD" where D' =n < x < k/(n+1), <y < n+l
and D" =k/(n+1) <z <Vk, z <y < k/z. Besides, D' N D" = .

k):///dxdy—k//”dxdy
/ da:/ dy—l—/ dx/

:/ (n+1—x)d$+
_k
2

(2
n? n+1
\/>

o)

—n(n+1)+ +k:10g
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If ko < k < ko +1, Al (k) = log((n +1)/vk) and Af, (k) = —1/2k.

(n,n) (n

2.3 Areas of essential regions in the %y plane

Consider in the xy plane, an essential region R, ,,)(n < m) of the xy =
k (k > 4) hyperbola and v an R* prime coding function with &; coefficients.
Let R, ) be the corresponding region in the 2y plane that is, R, ,,) =

(¥ X V) (R(nmy). We call E(mm) the area of ﬁ(n,m) = (¥ x V) (Dinm))
supposing the zg plane embedded in the zy plane.

(n,m)

D (0,m)

Figure 27: Relationship between A\(n’m) and A, m)
Proposition 2.3.1. In accordance with the aforementioned conditions
A(n,m) = gngmA(n,m)

Proof. The transformation that maps D, ,,) in lA?(mm) is & = Yp(z), =
¥m(y). The Jacobian for this transformation is

0t  0r
_ or 6y _ %(1‘) 0 o /
Ox 8y
Thus, ([1]) A ffD(n . dzdy = ffD( |l ()l (y)| dxdy. Since
¢ is an R* prime codlng function, then |J ] = §n£m and as a result the

relationship between the areas of the essential regions in zy and in 2y is

6 dady = 66 [ dody = €16,

(nym) Dn,m)
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Let o be an even number. We will assume for technical reasons that o > 16.
Let k € [4,a/2] and consider the subsets of R?

() {(z,y) eR* 1> 2, y > u, ay < k}
{(z,y) eER?:2>2, y>x, a—k<zy<a-—4}

Let ¢ be an RT prime coding function and consider the subsets of [0, Mw)2

Di(k) = (¢ x )(Dr(k)) , Ds(k) = (v x ¥)(Ds(k))

zy=a—4
xy=a—k
yy:a 2
=k
2
x

Figure 28: D;(k) and Dg(k)

We now define the functions

1) A:I [d,6+2 >Rt k— A[(];i) (area of ZA)[( k)).
2) As: 4,4 +2] — R+ k: — Ag(k) (area of Dg(k)).
3) Ar: [21@ Q]—)RJF AT—A[—FAS.

Let a be an even number (a > 16) and v an RT prime coding function
with coefficients &;. We take kg = 4,5,..., /2 —1 and we study the second
derivative of A; at each closed interval [ko, ko @ 1]. For this, we consider
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the corresponding function A;(k). Then Vk € [ko, ko + 1] we verify A7(k) =
Ar(ko) + Ar(k) — Ar(ko). Additionally, Ar(k) — Ar(ko) is the sum of the
areas in the essential regions associated with the xy = k hyperbola, minus
the area in the essential regions associated with the zy = k¢ hyperbola so,

Ar(k) = Ar(ko) = D [Agin) (k) = A (ko)]
(n,in)EEs(k‘o)

We know that functions A, ;. (k) have a second derivative in [ko, ko + 1],
therefore

Al = > (nim (k) (VK € [ko, ko + 1])
(n,in)EEs(ko)

We now want to find the expression of (A;)" as a function of the variable k,
where k € [ko, ko ® 1]. By proposition Anmy (k) = EnémAmm) (k). Tf

we derive with respect to k we obtain

Al Y (B) = oAl (K)

2>

];}0@1

ko

Figure 29: Finding (A\(mm))”(fc) (1)

At k € [ko, ko + 1], the expression of kis k= &y (k— ko) + By, (L.4.1). Then
dk/dk = 1/&,, therefore (A( ) (k k) = (Enbm/Erg) A/ (nm) (k) Derlving once

again:

We get the following proposition:
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Proposition 2.3.2. Let a be an even number (w > 16). Then for every
ko=4,5,...,(&+2)~1

o) (A" (k)= > (Awan)" (k) (k€ [ko, ko @ 1])

(n,in)€Es (ko)
b) For [12:0, ]%0@1] and bearing in mind the different types of essential regions,
we obtain

n 7 nsm 1
(i) Type 2 essential region: (A(nm))” (k) 5526 o
ko
(i) Type 3 essential region: (Ap, my)" (k) =0
N 7 nsm 1
(ii1) Type & essential region: (A, m))" (k) —5525 z
- ey
(iv) Type 7 essential region: (A n)" (k) = 25 57
’ o 2k
~ . 2
(v) Type 8 essential region: (A, )" (k) = —25- - %
2

(]
r?,,

\ i®g=k
61" (12 < k < 13)
5,,

1177\ |
B[~ A |
2 3 4 z

Figure 31: Finding (A;)” (k) in [12, 13]
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6 1 L& 1 && 11 53 1

AV 186 1, &6 1 1.6 1
(Ar)k) = ot kg kT gk 28k
k& — (€286 — Eabs + E3E4 — €2/2)

12

Now, consider the polynomial p(t) = tats — tats + tsts — t3/2. We call this
polynomial a lower essential polynomial of kg = 12 and we write it as Py .

Definition 2.3.1. Let « be an even number (o > 16). The polynomial ob-
tained naturally by removing the common factor function 1/(k€2) in (Ap)" (k)
in the interval [ko, ko ® 1] (ko = 4,5,...,a/2 —1) is called a lower essential
polynomial of ko. It is written as Pr .

Remarks (i) Lower essential polynomials are homogeneous polynomials
of degree 2. (ii) The variables that intervene in Py, are at most ¢, and
t;, where (n,i,) € FEg(kp), some of which may be missing (those which
correspond to essential regions in which the second derivative is 0). (i:7) We
will also use Py j, as the coefficient of 1/(1@5130) in (A7) (k).

Corollary 2.3.1. Let o be an even number (« ZA 16). Then, Vk € [ko, ko®1]
with kg € {4,5, ..., 6 =2 ~ 1} we verify (A;)"(k) = PLkO/(l{:ﬁzo).
2.4 (ﬁg)” and (A7)” functions

Let o be an even number (a > 16). We take ko € {4,5,...,/2—1} and we
examine the second derivative of Ag at each closed mterval ko, ko@®1]. Then,
Vk € [ko, ko + 1] we verify Ag(k) = As(ko) + As(k) — As(ko). Additionally,
Ag(k) — As(ko) is the area included between the curves

ry=a—ky, zy=a—-k, x=2,y==x

As aresult, it is the sum of the areas in the essential regions of the xy = a—kq
hyperbola minus the area in the essential regions of zy = o — k. We obtain:

Ag (k) — As (ko) = Z [Anin) (@ — ko) — Ag iy (@ — k)]
(n,in)EEs(afkofl)

Ag(k) = - > (i) (@ = )

(n.in)EEs(a—ko—l)

Of course, the same relationships as in the lower areas are maintained with
the expression (Ag)” as a function of k . We are left with:
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A e N
a—ko—1

(o —F)

We define upper essential polynomial in a similar way we defined lower
essential polynomial and we write them as Pgj,. The same remarks are
maintained.

Remarks (i) Upper essential polynomials are homogeneous polynomials
of degree 2. (ii) The variables that intervene in Pgy, are at most t,, t;,
where (n,4,) € Eg(a — ko — 1), some of which may be missing (those which
correspond to essential regions in which the second derivative is 0). (iiz) We
will also use Pg, as the coefficient of 1/(a — k)ﬁi_ko_l in (Ag)" (k).

2.5 Signs of the essential point coordinates

Definition 2.5.1. Let b be an RY prime coding function and o an even
number (o > 16). For ko € {4,5,...,a/2 — 1} we write Py, = (T, Y,) =
(Pr ko> Psky)- We call any Py, an essential point associated with ).

Hence, we can express

= s 1w (PO
Ap)'(k)y = T 2 Yko i € Tho, ho 1 2.5.1
Ay =g gy (el ENCERY

The formula from proposition is

Ap'(ky= > (Apu)"(k) (k€ ko ko @ 1))
(n.in)EEs(k’o)

where the Fg (ko) sub-indexes are
(1) Forn=2,3,... ,[vko| — 1

in = Lko/(n+ 1)), [ko/(n + 1)) +1,... , [ko/n] (2.5.2)
(2) For n = | V&)

in = |Vkol, [Vko] + 1., L ko/[v/ko] | (2.5.3)

Thus, for sub-index n in (1), in (A;)” only intervene i, = |ko/(n + 1)| and
in = |ko/n], since we have already seen that all the sub-indexes included
between them two, (A, ;,))" (k) = 0, as the essential regions are of type 3.
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In the lower essential polynomial we obtain &, (&|k,/n| — &[ke/(nt1))) > 0 (for
any RT prime coding function). For n = |\/kg | we obtain the cases:

(i) Lvko| = ko/[V/kol]  (i0) [v/ko] < Lko/[V'ko]] (2.5.4)
In case (i) we would obtain the addend (1/2) fko |» In case (7i) we would
obtain (Fig. 32):

E1vio)S ko Vi) — (/2082 ) = &\ i) iy vy — (1/2)€va5) > 0

Yy Y
V U(Lko/[Vko]]) |-~~~
Y([Vkol) [---- : Y([Vkol) [---- :
Y([Vko]) Y([Vko|) 7

Figure 32: Finding the sign of xy,

As a result, for an R prime coding function we obtain x4 > 0, x5 > 0,

-+ Tara—1 > 0. The reasoning is entirely analogous for the upper essential
polynomials that is, y4 <0, y5 <0, ..., ya/2—1 < 0. We will now arrange
the coordinates for the essential points.

1. Lower essential polynomials If ky € N, (kg > 4) is composite, there is at
least one - natural number coordinates point (7, 7) such that 2 < 7 < m
which the ¢-hyperbola 2 ®§ = ko goes through. (a) If 2 < n < m we obtain
the changes

Changes
Prgo—1 Pr i,
0 —&n-1&m
—&n—1&m—1 &ném
En€m—1 0

Figure 33: Arranging zy, in order (Case a)
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(b)If2<n=m

Changes

Prjo—1 Pr i,

0 _gnflgn
—&01/2 £/2

Figure 34: Arranging zy, in order (Case b)

(e)If2=n<m

\\i Changes
. l Pr o1 Pr g,
(2,1)9 ‘
| 0 £2ém
NN E2m-1 0

Figure 35: Arranging zy, in order (Case ¢)

Then Prj, — Pri,—1 > 0, since where there are transformations we obtain,
for any prime coding function, either (a) or (b) or (¢)

(a) fngm - fnflgm + gnflgmfl - gn&mfl =
fm (gn - gn—l) - gm—l (gn - gn—l) -
(gn - gnfl) (gm - fmfl) >0
2 2 2
én £n lgn = fn 25”;&1 + fn—l =

(fn — fn—1>2
2

(C) §2€m - §2£m—1 = 52 (gm - fm—l) >0

(b)

>0

If ko is prime then Py 1 = Pr, since the same essential regions exist for
the hyperbolas & ® § = k in (ko ~ 1, ko) U (ko, ko @ 1).
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2. Upper essential polynomials If o — kg is composite, and reasoning in the
same way, we obtain Pgy, — Psr,—1 > 0. For a — ko prime we obtain
Pg i, = Psj,—1 since the same essential regions exist for the hyperbolas
i@j=a~kifke (k~ 1, ko) U (ko,ko @ 1). We obtain the theorem:

Theorem 2.5.1. Let a be an even number (o > 16), and ¢ an R™ prime
coding function. Let Py, = (Tk,,Yk,) be the essential points. Then,

(i) 0 < x4y <5 < ... <y 0. Additionally, Ty, 1 = xk, < ko is prime.
(i) yo < y5 < ... < Yajp1 < 0. Additionally, yr,—1 = yr, & o —
ko is prime.

The following Corollary proves Claim 2.0.1. i.e.:

Corollary 2.5.1. In the hypotheses from the above theorem: The even num-
ber « is the sum of two primes ko and oo — ko, ko € {5,6,...,a/2—1} iff the
consecutive essential points Py,_1 and Py, are repeated, that is Py,_1 = Py, .

3 Time and Arithmetic

I have sometimes thought that the profound mystery which en-
velops our conceptions relative to prime numbers depends upon
the limitations of our faculties in regard to time which, like space
may be in essence poly-dimensional and that this and other such
sort of truths would become self-evident to a being whose mode
of perception is according to superficially as opposed to our own
limitation to linearly extended time. (J.J. Sylvester [7])

3.1 Construction of the Goldbach Conjecture function

Proposition 3.1.1. Let a be an even number (o > 16), and v be an RT
prime coding function with & coefficients. Let Py, = (Tk,, Yk,) be the essen-
tial points (ko = 4,5,...,a/2 —1). Then,

(i) vk, depends at most on §2,83,. ., &|ky/2)

(ii) yr, depends at most on §2,&3, ..., & (a—ko—1)/2]

Proof. (i) In Eg(ko) = {(n,i,)} we verify that n < i,. The smallest n is 2
and the biggest i, is | ko/2| (#1) In Eg(a—ko—1) = {(n,i,)} we verify that
n < i,. The smallest n is 2 and the biggest i,, is | (o — ko — 1)/2] O

Remark Since the biggest sub-index coefficient that appears at the essential
point coordinates is §|(q—4-1)/2) = &aj2—3 We conclude that knowing the
coeflicients &2,&3,...,8/2-3 all the essential points are determined. Note
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that where 0 < & < &3 <... <{,/o_3 the corollary is met. This leads
to the following definition:

Definition 3.1.1. Let o be an even number (o > 16), and 1 an R coding
Junction such that its & coefficients verify 0 < & < &5 < ... < &y2-1 and
& > 0 in other case. We say that ¢ is an RT coding function adapted
to a. (We have also included §aj2—2 and &y a1 for technical reasons)

Generally (Ar)”(ko—) # (A7) (ko+) (Fig. 36). The following proposition
provides sufficient conditions for the (Ar)” function to be well defined and
continuous in the [4, & + 2] closed interval.

A~

YT (Ar)" (Fo+) # (Ar)" (Fo-)

];‘0 ~1 ]%0 ];‘0 ol 2
Figure 36: Graph of (A7)”

Proposition 3.1.2. Let o be an even number (o > 16) and v be an RT
coding function adapted to o . Assume that

i) §g0xk0_1 = 520_1:1:% and fg_ko_lyko_l = §§_k0yk0 for every kg composite
(5< ko <a/2—1)
ii) For every po prime (5 <pp < a/2 —1),

1
’yp()’ @ — Do 1 1
527 :‘y —1’ + “Tpo—1 | =—— — =
a—po Po iip()il Do Po 5}2}071 5}2;()

Then, (Ar)"(ko—) = (A7)"(ko+) Vko € {5,6,...,0/2— 1}
Proof. From ([2.5.1) and for all ky € {5,6,...,a/2 — 1} we have

N 7 Tho—1 Yko—1
(A7)"(ko—) = +
koggo—l (Oé - k()) gc—k;()

N 7 Tk Yko
(A7)"(kot) = +
koggo (Oé - k?()) gc—k()—l




Then (A7)"(ko—) = (Ap)” (ko+) if and only if

A orgr k| 1 [ T

ko 5130—1 5130 o — ko 3—k0 fi—ko—l
When ko is composite, i) implies the equality above. Note that if ko is
composite, then zy,_1 < z,, and consequently, 5,%0_1 < 5,30, in other words,
it is consistent with the hypothesis that v is an R*Acoding functioll adapted
to a. If pg is prime, then xp,_1 = x}, therefore (A7)"(po—) = (Ar)" (Po+)
is equivalent to

azpo (N el
po— 2 2 | T 2 2
Po po—1 f100 a—po a—po—1

which in turn is equivalent to ii).

O

Now, let a be an even number (a > 16). We will construct an R coding
function adapted to a in such a way that (A7) (ko—) = (Ar)” (ko+) for ev-
ery ko € {5,6,...,a/2—1}. We would then have constructed the continuous
function

&:[1,a+2 R, &k) = (Ar)" (k)

For this we select, at random, 0 < & < €3 < &4 < &5. According to proposi-
tion T4,75,. .., 711 are readily determined. We select &2 = (z6/75)E2,
then & > &5, and x12 and z13 are readily determined. We select &7 > &g
at random, and z14 and x15 are readily determined. We now take fg =
(zs/27)€3, & = (wo/28)&3, &y = (w10/29)&], then &7 < & < & < &0, and
16, ..., T are readily determined. We select £17 > £19 at random, and x99
and x93 are readily determined. Note that for a prime ¢ we are selecting &;
at random with the sole condition & > &;_1.

Let sg be the largest prime such that sy < a/2—1. Then, following the same
principle, we take &, > &s,—1 at random, and xa,, and x2s,+1 are readily
determined. Finally, we select

i) If so < /2 —2

Ta/2-1 .9
a/2-2

2 _ Tso+1 52 €2 _ Tsp+2 €2 §2 _
so+1 — T so? Sso+2 — Tyt so+1r 92 Sa/2—-1 — Toja-2
0 0 Q -
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ii) At random &, /91 > §q /99 if S0 = /2 — 1.

Following the remark of proposition all the essential points Py, asso-
ciated with the number a have been determined. We select 52 /2 at random
and are only have to determine which are to be the remaining coefficients.

i) If sp = a/2 — 1 we select

52/2“ - fi—(a/Q—l) =g =

-1
a— 8o 1 1
|y50_1’ 2|y50| + . xS()—l . 27 —_ T
a—sg—1 50 so—1 S0

ii) If so < a/2 — 1 we select

€2 11 = & (a2

= |Yas2—2l |ya/271|71§i/2

&2 jova = o (a)2-9)

= |Ya/2-3] \%/2-2\_152/%1

2 —1¢2
505—50—2 = |y50+1| |y30+2| 504/2—50—3

2 —1¢2
ga—so—l = |y30| ’y80+1| 60/2—80—2

We also verify 5375071 = |Yso| ]ya/Q,ll_lfi/Q . We now take

-1
|y50‘ a — S0 1 1
527 = |Yso—1| 2 + Tso—-1 | T3 T o
ae a—sg—1 50 so—1 530

Having selected these first coefficients, we construct the remaining coeffi-
cients in the following way: for each prime ry where 5 < ry < sg we select

1
|Yro | o — 1y 1 1
& 1y = Tl BPSRY
o " gc—T‘()—l o " 7%0—1 €T20

Between two consecutive primes pg and ¢g, such that 5 < py < qg < sp, we
select
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éLgé—qo-l—l = ‘yQO—Qquo—lrlfg{fqo
ggé—tm-i-? = |yfI0*3||y(I072‘_153_q0+1

, - i

a—po—2 — |yp0+1||yp0+2’ Ea—po—?)

2 —1¢2

éafpofl = |yp0 | |yp0+1| 504*1)072
We fllso verify fi—po—l = |ypollygo—11"1€2_4,- We have now choser'l ‘Fhe co-
efficients &2, &3, ..., Saj2—1, Say2s €aj2415 --+» Sa—5. The remaining co-
efficients of the R™ coding function adapted to « are irrelevant. Due to
the actual construction of these coefficients, the hypotheses in proposition
are verified, and we have therefore constructed the following continuous

function
&:[4,a+2 >R, (k)= (Ap)" (k)

Definition 3.1.2. We call Goldbach Conjecture function associated
to o any function & constructed in this manner.

Proposition 3.1.3. Let & be a Goldbach Conjecture function with coeffi-
cients &; associated to c. Let B = {rg : ro prime, 5 <rog < a/2—1} and let
so be the maximum of B. We call

a—rg 1 1
Frg = “Aro—1c T2 T a2
To ro—1 g’ro

Then, €2 _5 = |yl ( |ya/2—l|£;/22 + > Fy)!

roEP

Proof. According to the construction of any Goldbach Conjecture function
® we verify &2 = |yso—1] ( |ya/2_1\§;/22 + Fy, )7! regardless of the fact

a—sg
that so = a/2—1 or sp < a/2—1. We now define the function v : P—{5} —
B —{so}, v (p) as the prime number before p. Let gy € P — {5} and assume
that

537(]0 = ‘yQO—ﬂ ( |ya/271|€;/22 + FSO + F’y(so) + F’yz(so) +ot F’yh(so) )_1

where 7" (s0) = qo. Now, let v (qo) = po. Thus, due to the construction of
the & function we verify

Eapo = lYpo—1] (1Ypol€a2p—1 + Fpo )"
= [tpo—1| ([Ya0-11622 50 + Fpo )"
- |yp0_1 ’( ’ya/2_1’£;/22 + Fy + FW(SO) +..t FWh(so) + F«/h+1(so) >_1
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As a consequence, and taking py = 5, we obtain
&5 = lual ( \%/2—1\5;/22 +Fs+ Fr+ Fiyi+ ..+ Fyy ) 7!
= |yal ( ‘%/24\5;/22 + Z Fp )t
ro € P
O
Let a be an even number (a > 16). Let & be any Goldbach Conjecture

function associated to «. Then, the & coefficients can be expressed in the
following way, where A; € (1,+00) for every i € J = {3,4} U'B

£ >0, &3 = A382, &4 = M&3, &5 = Asés, Epo = Mpopo—1 (Vo € P — {5})

According to the construction of &, all the coefficients depend exclusively
on the variables &2, A; and &,/ > 0. We denote A = ()\;) (i € J) thus, any
Goldbach Conjecture function associated to « can be written

&= @(% 527504/275‘) (Oé > 16, €2 > 0, ga/2 > 0, )\z > 1)

Proposition 3.1.4. Let & = G, ¢, €aj2 V) be a Goldbach Conjecture func-
tion for the even number a (o > 16) with coefficients & (2 <i < a—05). Let

us denote for every po € B — {5}, P(po) := {p: p prime, 5 < p < v(po)}-
Then, Vpo € P — {5} we verify

Tp, 1 i
(@) e DI 1T 5
JEP(po) 7
a—3> 1 1
b FB=2""._ - (1- =
0 R= g ()
a — pg 1 1 1
() F = D2 II % <1 - v)
JEP(po) "7 po

Proof. (a) The equality is true when py = 7. In fact, according to the
construction of & , we have

& 8 & NG 22NBE 2:3)

17_1‘6_335_.%'4 fg 1 1

jep(n) 7
We have used the fact that v4 = Pry = ¢2/2. Assume that the equality is
true for a prime py € P — {5, so}, we prove that it is also true for the next
prime gg . With the actual construction of &, we obtain
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2 _ xqo 15 _ xqoé- Tgo _ Tpo _ xpo
qo—1 DO po 7 2 3 A2
qo—1 §2) Do po 1

1 1 1 1 1
N2 oaZx2 11 A2 2a2a2 11 A2
Po 374 jeP(po) "I 374 jeP(q) I

(b)
a—>9 1 1 a—9 x4 1 a—3> 1 1
- (- §) =525 (-1) 25 b0
5 lag e a2l xR 5 I\ N
(c) For all p, € P — {5}
o —p, 1 1 a—p, ZTp, 1 o —Dp,
F e 'x _1 T —a = . 1 _— pr— .
Po 20 " ( Zo—l 51270> Po 130_1 )\12)0 Po

1 1 1
- | | 1= =
273\ z2 ( Ago>

4 jeP(po)

Example 3.1 We construct the elements that intervene in any Goldbach
Conjecture function & where o = 18. In this case, a/2 = 9, /2 — 1 =
8, a/2 — 3 = 6. Then, the coefficients &2, &3, &4, & can be thus expressed

>0, &8=X8, =M, =X (M>1)

Then, x4, x5,...,211 are readily determined. Using (2.5.2]) and ( - we

obtain the expression of x; for ¢ natural number (4 <1 § 11)

=£5/2
= x5 (b prime)
x6 = &283 — £5/2
= (A3 —1/2)&
= x7 (7 prime)
xy = E26s — €5 /2
= (M3 — 1/2)&3

Considering that |y;| = za—j—1 (Vj€EN: 4<j<a/2-1)
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T9 = |ys|
= &8s — &8+ 65/2
= (M3 — A3 + A3/2)&3
210 = |y7| = L& — &3 + €5 /2
= (AsAad3 — A3 + A3/2)&3
=11
= |yg| (11 prime)
& = (wo/x5)&3
=2(\3 — 1/2)A3\IN3E3

Now z12 and x13 are readily determined

z12 = [ys|
= &obp — &by + E384 — £5/2
= (AsMA3v/2(03 — 1/2) — Mdz + A2 — M2/2)e2

= 13 = |ya| (13 prime)

We have &2 = \2¢2 and €2 = (vg/27)&2. Besides
a—95 1 1
) A [ [
= (1)

a—1T 1 1
F = . 1 _
T 2N ( A%)

Choosing at random &3 > 0, the remaining coefficients are readily deter-
mined

& =Ers
|y7! 2
=&
. lys|>*
511 = faﬂ

= lye| (lyrl€.%s + Fr )~

= lysl (lyslég?+F7 )~
& =8¢

_ sl o

T

= lys| (|yslég® + F7 )™
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&5 =& 5
= |yal (lysl€.%6 + F5 )"
= |ya| (|ys|ég 2+ F5 + F7 )7t

For & € (0,+00), Aj € (1,400), & € (0,+00), we obtain all the Gold-
bach Conjecture functions & associated to a =18 : & = &(15 ¢, ¢, ) With
A= (A3, A1, A5, A7).

Proposition 3.1.5. Let o be an even number (a > 16), and &, ¢, €asor M)

be any Goldbach Conjecture function associated to «. Denote n(a) :=
#(J) (T ={3,4} UR). Then, there exist functions

fi’ Gjs h]' : (1,—{—00)”(0‘) — R

withieN, jeN, 2<i<a/2-3,4<j<a/2—1 such that

i) & = [i(NE i) x5 = g;(NE5 i) |y = hj(A\)ES

Proof. Considering that |y;| = zq—j—1 (Vj e N:4 < j < /2 -1)is
sufficient to prove that there exist functions

fiv gi (1, 400)"®) R (€N, jeN,2<i<a/2-3,4<j<a-05)
such that i)’ €2 = fi(\)&2, i) x; = g;(N)&3. Then we would choose
hj=ga—j-1 (JEN, 4<j<a/2-1)

Following the previous example, i)’ and ii)" are true for the natural numbers
i,j where 2 <i <5, 4 <j <11, that is, i)’ and i)’ are true for every &2, z;
naturally associated to the prime py = 5. Now, regardless of the mentioned
example, we prove that ¢) and i) are true for the natural numbers i, j where
6<i<7, 12<j<13. In fact,

z6 96(A) . 5 5 .
g = 20z = W) 130 fo(NeF i we define fo = (g5/95)

5 g5(A)
The addends that appear in x12 and x13 have the form =+ &§¢&; or + 5,%/2,
(1, k, h natural numbers where 2 <1 <6, 2<k <6, 2<h <6), that is, we
have addends of the form

v/ i) fr(N)E3 or £f,(N)E3/2
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Thus, z12 and 13 can be written z19 = glg(;\)fg, T13 = glg(;\)g. Now,
€2 = M2 = N2 fs (V)& = f2(N)E€2 (if we define f7 = A\2fs) then, z14 and 715
are readily determined and their addends have the form + &&; or + 5,21 /2
(I, k, h natural numbers where 2 <[ <7, 2<k <7, 2<h<T).

Following the reasoning stated above, 14 and z15 can be expressed x14 =
g1a(N)E2, 215 = g15(A)€2. We now consider the prime py (where 7 < py <
sp). Following the previous outline we easily prove that if ¢)" and i)’ are true
for every i, natural numbers (where 2 < i < y(pg), 4 < j < 2v(pp) + 1)
then i)’ and i)’ are also true for every 4, j natural numbers where 2 < i <
po, 4 < j < 2p, + 1, being irrelevant whether sy < a/2 — 3 or not.

O

Corollary 3.1.1. Let « be an even number (o > 16), and be & q, €2,60 /22 V)

any Goldbach Conjecture function associated to a. Then, |wg, 1| |Tk,| ™" and
Yko—1] |Yko|™F do mot depend on &3, Vko natural number, 5 < kg < o /2 — 1.

Definition 3.1.3. Let a be an even number (a > 16), & = &, €2,60/2 V)
any Goldbach Conjecture function associated to cv. If \j = u € (1,+00),Vi €
{3,4} UP, we say that & is a scalar Goldbach Conjecture function

associated to a. We denote such a function by & = &, ¢, €oyor )"

Proposition 3.1.6. Let a be an even number (a > 16), & = &, ¢,, €020 1)
any Goldbach Conjecture function associated to ao. Then for every kg € N
with 4 < kg < a — 5 we verify lim+ Ty = €2/2.

u—1

Proof. We readily determine x4, x5, ...x11 choosing

& = 6 = w6
€ = Mg = u'Ed
&8 = MAIASES = el
Following the example
Ty = X5 = 53/2
we = a7 = (u—1/2)&3
rs = (u* —1/2)6
79 = (3u2/2 — u)E3
r10 =11 = (U3 +u?/2 — u)f%

Therefore we verify lim,_,,+ 71, = £3/2 for every ko € N with 4 < ko < 11.
Now, &2 = (wg/x5)E2 thus
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. . L6 g2 2
lim & = lim —u =
u—1t 56 u—1t Ty 52 62

We have readily determined z12 and x13. Following (2.5.4]), for any scalar
Goldbach (’5(067 €2, €0/, 1) and for every natural number ky with 12 < kg <

a — 5 and o > 18 the expression of zy, is (if [vko | = | ko/|Vko | ])
Tro = §2(Ekos2) — Elkos3)) T €3(E1kos3) — Slkosa)) T .2..+
EvEs 1108 ko /(v 11 1~ ELko/ v 1 1)+ (/208

If |[Vko | < | ko/|Vko | | the expression of zy, is

Thy = §2(81ko/2) — Elkos3)) T E3(Ekos3) — Elkoya)) + -+
§vio 1CE o/ 1vis 11— (/2)€ v ) )

Considering that lim,_,;+ & = &3 (2 < i < 6) we conclude lim,_,+ 712 =
lim, 1+ 713 = £5/2. Now, &2 = \2¢2 = w2€2 thus, lim,,_,;+ €2 = 3. Accord-
ing to the construction of & and by a simple induction process we obtain

lim xp, = £53/2 (Vko €N, 2 < ko <a—5)
u—1t

O
Corollary 3.1.2. Since |y;| = xq—j—1 (Vj €N, 4 < j < «a/2 —1), then,
lim ap, = lim_[yg,| = €2/2 (Vkg €N, 4<ko<a/2-1).
u—1

u—1t

3.2 Dynamic processes associated to N

Proposition 3.2.1. The following set is infinite:
A={aeN:aeven, a>16,(a/2 and o — 3 composite)}

Proof. Consider A; = {12k : k € N,k > 2}. Obviously 12k is even, a > 16,
12k/2 = 6k is composite and 12k — 3 = 3(4k — 1) is also composite, thus
Ay C A and A; is infinite. As a consequence, A is an infinite set. O

Choose £3 = 3/2 =1, fix (o,u) € A x (1,+00) and denote &, 11,.,) by &.

Consider the continuous function & : [4,& <+ 2] — R. From it we construct
the functions v,s: [4,& +2] - R

v<12;)—/;@(7) dr, 3(12;)—/;”(7) dr
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Then (k) = v(k),v(4d) = 0,s"(k) = v/(k) = &(k),s(4) = 0. That is, we
have constructed a family of movements with continuous acceleration & (k)
that depend on u > 1 in which each state of time ¢ = k with ¢ € [4, & + 2] is
associated to the real number k (4 < k < /2 — 1) by means of the bijection
1~1(t) = k. Consequentially, each natural number ko (4 < ko < /2 — 1) is

associated with time state ty,. Following the corollary [3.1.2] we verify

lim zp, =1/2, lim yg, =—-1/2, (4<ko<a/2-1)
u—1t u—1+t

Also, considering the construction of &, we have lim,_,;+ & = 1 for all
2 < i < a/2 — 1. This means that in the limit position, 1 = ¢! =T
(identity function on [4, «/2]) and the essential points have been transformed
into

Pko = (kayko) = (1/27 _1/2)a (Vko € N7 4 < kO < 06/2 - 1)

In other words, the characterization [2.5.1 about the fact of being a the sum
of two prime numbers has been lost. This leads to the following conclusion

There exists at least a characterization of the Goldbach Conjecture in an
infinite set of even numbers that depends on time.

Note that we have identified instant of time with real number in the math-
ematical continuum constructed via Cauchy sequences or Dedekind cuts.
This identification could no be possible in the Brouwer’s continuum (‘time
is the only a priori of mathematics’ [2]).

How then do assertions arise which concern, not all natural, but
all real numbers, i.e., all values of a real variable? Brouwer shows
that frequently statements of this form in traditional analysis,
when correctly interpreted, simply concern the totality of natural
numbers. In cases where they do not, the notion of sequence
changes its meaning: it no longer signifies a sequence determined
by some law or other, but rather one that is created step by step
by free acts of choice, and thus remains in statu nascendi. This
becoming selective sequence represents the continuum, or the
variable, while the sequence determined ad infinitum by a law
represents the individual real number falling into the continuum.
The continuum no longer appears, to use Leibnizs language, as
an aggregate of fixed elements but as a medium of free becoming.
(H. Weyl [8])
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